Abstract. We study generalized gauge theories engineered by taking the low energy limit of the Dp branes wrapping X × T p−3 , with X a possibly singular surface in a Calabi-Yau fourfold Z. For toric Z and X the partition function can be computed by localization, making it a statistical mechanical model, called the gauge origami. The random variables are the ensembles of Young diagrams. The building block of the gauge origami is associated with a tetrahedron, whose edges are colored by vector spaces. We show the properly normalized partition function is an entire function of the Coulomb moduli, for generic values of the Ω-background parameters. The orbifold version of the theory defines the qq-character operators, with and without the surface defects. The analytic properties are the consequence of a relative compactness of the moduli spaces M( n, k) of crossed and spiked instantons, demonstrated in "BPS/CFT correspondence II: instantons at crossroads, moduli and compactness theorem".
Introduction
This paper is a continuation of the series [Ne2, Ne3] . There we proposed a set of observables in quiver N = 2 supersymmetric gauge theories. These observables are useful in organizing the non-perturbative Dyson-Schwinger equations. The latter relate different instanton sectors contributions to the expectation values of gauge invariant chiral ring observables. We also introduced the geometric setting to which these observables belong in a natural way. Namely, we defined the moduli spaces M X,G of what might be called supersymmetric gauge fields in the generalized gauge theories, whose space-time X contains several, possibly intersecting, components:
The gauge groups G| X A = G A on different components may be different. The intersections X A ∪ X B lead to the matter fields charged under the product group G A × G B (bi-fundamental multiplets). In this paper we shall be studying the integrals over the moduli space M X,G , which we shall compute using equivariant localization.
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Review of notations
2.1. Sets and partitions.
2.1.1. Sequences. For two sets X and S let X S = Maps(S, X) denote the set of maps from S to X. For a map f : S → X we sometimes use the notation (2) (x s ) s∈S , with x s = f (s) ∈ X. For example, a sequence (a n ), n ∈ N would be denoted as (a n ) n∈N or (a n ) n≥1 , if the context is clear.
2.1.2.
Non-negative integers. are denoted by Z ≥0 = N ∪ {0}.
2.1.3. Finite sets. Let [n] denote the set { 1, 2, . . . , n } for n ∈ N. For a finite set X we denote by #X the number of its elements. Thus, for finite X and S is called its size. We also identify the partitions λ with the finite subsets of N 2 = N×N, as follows:
The size |λ| of the partition λ is the number of elements #λ of the corresponding finite set. Not every finite subset of N 2 corresponds to a partition, only those, for which the complement N 2 \λ is preserved by the action of the semi-group Z ≥0 × Z ≥0 on N 2 by translations. Equivalently, the partitions are in one-to-one correspondence with finite codimension monomial ideals in the ring of polynomials in two variables:
y]x i−1 y λ i . We denote by Λ[k] the set of partitions of k, i.e. the set of all λ ∈ Λ, such that |λ|= k. We have:
The celebrated Euler formula:
2.2. Four and Six. Let 4 denote the set [4] and let 6 denote the set of 2-element subsets of 4 (we write ab instead of {a, b} to avoid the clutter):
(8) 4 = {1, 2, 3, 4} , 6 = 4 2 = { 12, 13, 14, 23, 24, 34 } In (8) we exhibit the lexicographic order of the sets 4 and 6 which is used below in some formulas. For example, 12 < 14 < 23 < 34. For A ∈ 6 we denote byĀ = 4\A its complement. Let 3 denote the quotient 6/∼ where A ∼Ā. Identify 3 = {1, 2, 3} ⊂ 4 by choosing a representative A = a4, a ∈ [3]. Define the map: ϕ : 6 → 4 by We also define the following map ε : 6 → Z 2 : write A = {a, b}, a < b ∈ 4, writeĀ = {c, d}, c < d ∈ 4, then ε(A) = ε abcd . Thus,
It may seem surprising that ε takes values +1 four times and −1 only two times, but in fact it is natural, since ε(A) = ε(Ā), therefore ε is defined on 3. Since a two-valued function on a set of odd cardinality cannot split it equally, more classes are bound to be good rather then bad (assuming the values +1 and −1 are identified with "good" and "bad").
It is useful to view 4 as the set of faces (or vertices) of the tetrahedron, while 6 is the set of edges. The edge ab connects the vertices a and b. Alternatively the edge ab is the common boundary of the faces a and b.
2.3. Finite groups and quiver varieties.
2.3.1. :::::::: Abelian ::::::: groups. We denote by Γ ab a finite abelian group. It is well-known that any such Γ ab is a product of cyclic groups whose orders are powers of primes:
All irreducible representations L of Γ ab are complex one-dimensional, labeled by a string of integers
We set ν = 0 to label the trivial representation with all n κ = 0,
The set Γ ∨ ab is also an abelian group, isomorphic to Γ ab , with multiplication given by the tensor product of irreducible representations. We shall be using the addition symbol for the group law on Γ
be the indicator function of the trivial representation: Fig. 1 ):
Let Vert γ be the set of vertices of γ, Edge γ be the set of oriented edges (we pick any orientation). For the edge e ∈ Edge γ let s(e), t(e) ∈ Vert γ denote its source and target, respectively.
Let Γ γ ⊂ SU (2) denote the corresponding non-abelian finite subgroup. For γ =Ẽ 6,7,8 the group Γ γ is the binary tetrahedral, octahedral, icosahedral group, respectively.
In this correspondence i ∈ Vert γ labels the irreducible representations R i ∈ Γ ∨ γ of Γ γ . The edges Edge γ show up in the tensor products: let 2 denote the defining twodimensional representation of SU (2). Then:
where 2 is viewed as the representation of Γ γ ⊂ SU (2). The dimensions dimR i are indicated on the corresponding nodes in the picture, the vector of dimensions is annihilated by the affine Cartan matrix = 2−incidence matrix of γ, cf. (19):
The trivial representation is colored pink on Fig. 1 
Let us denote the set of all paths on γ connecting i s to i t by P
There is an obvious associative concatenation map:
and the inversion map [Na1, Na2, Na3]. Let γ be as before. To each vertex i ∈ Vert γ we associate two Hermitian vector
be the group of unitary transformations of V = (V i ) i∈Vert γ . First, form the Hermitian vector space: 
This definition is compatible with the path multiplication:
The action (25) preserves the hyper-Kähler structure of H γ (v, w) , with the three symplectic forms I,J,K given by:
Then perform the hyper-Kähler reduction with respect to the action (25):
e B e ,
e B e , and we take (this is not the most general definition)
Stability. Instead of solving three equations µ = ζ one can actually solve only
, and then take a quotient of the set of stable points in µ −1
The stable points are the G γ (v)-orbits of (B e ,B e , I, J) s.t. the path algebra of γ represented by the products of B e andB e acting on the image
In other words: any collection V = (V i ) i∈Vert γ ⊂ V of vector subspaces V i ⊂ V i , obeying: V s(e) , for all e ∈ Edge γ must coincide with V:
A simple proof of the equivalence of (29) and (33) 
Conversely, given a stable solution (B e ,B e , I i , J i ) to µ C = 0 equations, run the gradient flow of the function:
which goes along the × i GL(V i ) orbits. The end-point of the flow is either at f = 0 which would establish the rest of the equations in (29), or at the higher critical point. There, the End( 
Therefore V i = kerh i obeys both S1) and S2) conditions of (35) 
acting in an obvious way on the operators (I i , J i ). The maximal torus T γ (w) ⊂ U γ (w) fixed point locus is the union
We define the fundamental Nakajima variety (42) explains the importance of the fundamental Nakajima varieties.
2.3.6. ::::::::::::::::: Nakajima-Young :::::::::: varieties. The Nakajima varieties M γ (v, w) with the choice (31) have a holomorphic C × -symmetry (its compact subgroup U (1) acts by an isometry): u ∈ C × acts via
Define Nakajima-Young variety Y i γ (µ) to be the connected component of the fixed point set:
denoting the set of connected components. We define the sets Λ i γ for i ∈ Vert γ :
we define:
Each Nakajima-Young variety Y i γ (µ) carries a set of vector bundles:
The stability condition (34) implies, for any j ∈ Vert γ :
It is easy to show that J ≡ 0 on all Y i γ (v; µ), and V i j,0 = Cδ i,j . Let us clarify the origin of the direct sum decomposition (53). The C × -invariance of the G γ (v)-orbit of (B e ,B e , I, J) means that the transformation (46) can be compensated by an element (g j (u)) j∈Vert γ : (54) g t(e) (u)B e g s(e) (u)
The K-theory class of the tangent bundle
Remark. In the case of γ = A 0 , where Edge γ = {e}, Vert γ = {0}, s(e) = t(e) = 0, the fundamental Nakajima variety is the Hilbert scheme of v points on C 2 , a.k.a. the moduli space of noncommutative U (1) instantons on R 4 , while the Nakajima-Young varieties are the connected components of the so-called graded Hilbert scheme of v points.
2.4. The local model data. To specify the basic local model data we fix:
(1) The string
of 4 complex numbers which sum to zero:
(2) The stringn of 6 non-negative integers n A ≥ 0, A ∈ 6. Let
(4) The fugacity (62) q ∈ C , |q|< 1. We also use the notations: for any a ∈ 4,
, and for any S ⊂ 4
We shall often skip the argument β in the notations for q a , P * S , etc. The notation (64), in particular, implies (cf. (59))
|S| q * S P S We shall also encounter the relation (67)
in what follows.
2.4.1. :::::::::: Geometry ::: of :::: the ::::: local ::::::: model ::::: data. The meaning of the parameters a,ε is the following. Define the gauge group G A corresponding to the stratum X A ≈ C 2 A of the singular toric surface X to be
Let T A ⊂ G A denote its maximal torus. Let U (1) 3 ε ⊂ SU (4) be the maximal torus of the (4, 0)-volume preserving unitary symmetries of Z = C 4 . The U (1) 3 ε -action preserves X. The Lie algebra LieT A ⊗ C is parametrized by diagonal matrices a A = diag a A,1 , . . . , a A,n A with complex entries a A,α ∈ C. The Lie algebra LieU (1) 3 ε ⊗ C is parametrized by diag(ε 1 , ε 2 , ε 3 , ε 4 ) with ε 1 + ε 2 + ε 3 + ε 4 = 0. Let
2.4.2. :::::::: Additive ::: to :::::::::::::: multiplicative. Let I ± be two finite sets, I = I + I − . Let M be a space with an action of a Lie group G, and let E i , i ∈ I be a collection of G-equivariant vector bundles over M. Let w i ∈ C. We combine them into the G × (C × ) I -equivariant virtual
be the refined Chern character (with ξ i,α equivariant Chern roots of E i ), so that in the non-equivariant setting
and define
To f (β) we associate the equivariant characteristic class, a rational function of w i 's:
where
is the usual G-equivariant Chern polynomial of E, evaluated at w ∈ H
• C × (pt) = C, equivalently, it is the top C × ×G-equivariant Chern class of E. We define the * -operation on the expressions f (β):
This definition is consistent with the notations (63). We have:
The definition (72) is the generalization of the notation used in [Ne3] , where we defined as a map from the space of Z-linear combinations of exponents to rational functions:
Partition function of spiked instantons
In this section we define the statistical mechanical model. The random variables are the strings of Young diagrams and the complex Boltzmann weights are rational functions of the complex numbers (58), (61). The definition might look first a bit artificial. Its origin is geometric. Namely, in [Ne3] the moduli space of spiked instantons M(k, n) is introduced, with n = (n A ) A∈6 . It has an action of the group
ε . The fixed points of the maximal torus T H are in one-to-one correspondence with the strings λ of partitions described below. The Boltzmann weight is simply the localization contribution to the integral of 1 over M(k, n), multiplied by q k . This contribution is the product of the weights of the T H -action on the virtual tangent space to M(k, n), which is the difference of the kernel and the cokernel of the linearization of the equations defining M(k, n) at the fixed point. The kernel is always a complex vector space, henceforth it is naturally oriented and the product of weights is well-defined. The cokernel (the obstruction space) is only a real vector space, hence the product of the weights depends on the choice of its orientation. In what follows we specify the choice of the orientation with the help of the choice of the order on 4 and 6. The resulting measure will not depend on this choice.
3.1. The configuration space. The basic local model is a statistical ensemble. The random variables are the strings
In other words, the configuration space is
Define, cf. (5):
and (cf. (74))
is a pure character, i.e.
(87)
3.2. The statistical weight. The complex Boltzmann weight of λ is given by the following expression:
where (cf. (9)):
The definition (89) depends explicitly on the choice of the ordering of the sets 4 and 6, since it enters the definition of the maps ϕ : 6 → 4 and the meaning of A < B in (90). Morally,
so the Boltzmann weight is defined canonically up to a sign.
Note that for generic a A ,ε the measure (89) does not depend on the choice of the order on 4 or 6:
where we used (86), (87), (67), and qāqbq A = 1 forĀ = {ā,b}. Define, (ab,α) forming the basis of the vector space K, N ab,α being the eigenspace of T ab action on the framing space N ab (see [Ne3] for the notations and more explanations).
The equivariant weights of the matrices contribute
while the equivariant weights of the equations they obey, and the symmetries one divides by, contribute (with the minus sign)
Moreover, the T + part is defined canonically by using the complex structure of the space of matrices (B a , I A , J A ). The T − part is defined non-canonically, as the expression (98) (75) several times. The details of the choice of the sign will be clarified elsewhere (it uses the residue definition of the localization contribution, which was worked out in [MNS] , it is similar to what sometimes is referred to as the Jeffrey-Kirwan residue in the mathematical literature).
The resulting measure factor
where . We assign to the weight w = (w A,α ) ⊕ (w a ) a function of (a,ε),
Here w A,α ∈ Z, w a ∈ Z are defined up to a shift w a → w a + w, w ∈ Z. (93) is fine as long as a andε are generic. However, e.g. if for some ab ∈ 6 the ratio ε a /ε b ∈ Q + is a positive rational number, or if for some α = β ∈ [n A ], a A,α = a A,β , the individual contributions Z λ to the formula (93) have apparent poles. Actually, the poles cancel. Let us give the presentation of the formula (93) which is applicable in these cases.
where Gieseker-Nakajima moduli spaces M k (n) parametrize the charge k noncommutative U (n) instantons on R 4 and framed rank n torsion free sheaves E on CP 2 with ch 2 (E) = k, while S n, k (a,¯ ) is the equivariant characteristic class, given by (cf. (90)):
with K A being the tautological rank k A bundle over M k A (n A ). Finally, m A = εā for eitherā ∈Ā. The choice ofā is immaterial. Indeed, the moduli space M k A (n A ) is a complex symplectic manifold, as reflected by the symmetry
for bothā,b ∈Ā. Thus, the 1-instanton partition function is given by:
3.3. The perturbative prefactor. We introduce a common, i.e. λ-independent prefactor in the statistical weight. The so completed statistical weight is equal to:
with the Barnes double gamma functions Γ 2 (x; ε a , ε b ) normalized in such a way so as to have simple zeroes on a quadrant of the integral lattice spanned by ε a , ε b :
it is defined by the analytic continuation of the integral formula
•
where Γ 1 (x; ε a ) is essentially the ordinary Γ-function:
Again, it can be defined by the analytic continuation of the integral
from the domain Re(x), Re(y) > 0, giving 
This normalization makes explicit the symmetry betweenā ∈Ā, however the gauge invariance, i.e. the Weyl symmetry of U (n A ) acting on a A,α is partly broken. Unlike the instanton partition function Z inst the perturbative factor does depend on the choice of the order on 4 which is used in the definition of m A = ε ϕ(A) . This dependence will be analyzed elsewhere.
Subtleties for tuned parameters.
When the equivariant parameters a,ε are rationally dependent, the torusT H ⊂ T H they generate is strictly smaller than T H . Accordingly, the fixed points on the moduli space of spiked instantons need not be isolated, and the formula (103) is used. It can be further localized to the set of torus-fixed points on M k A (n A ), which are relatively well-understood in the case n A = 1 [I, IY, L] . We shall encounter these complications when dealing with gauge theories on C 2 /Γ spaces, or on the complex surfaces in the C 4 /Γ × Γ spaces, with finite SU (2) subgroups Γ, Γ , Γ ⊂ SU (2) of D or E type.
The main result.
Here is the main fact about the partition function of spiked instantons: the compactness theorem proven in [Ne3] implies Z spiked (a,ε) defined by 
Orbi folding
In this section we discuss the partition function of the generalized gauge theories defined on the orbifolds with respect to a discrete (finite) group Γ. Both the worldvolume and the transverse space of the theory may be subject to the orbifold projection. Geometrically, the action of Γ factors through the linear action in C 4 , which we assume to preserve the Calabi-Yau fourfold structure:
This construction is motivated by the consideration of D-branes on C 4 /Γ. As is explained in [DM] , the orbifold projection involves an action of Γ on the Chan-Paton spaces:
which amounts to the decomposition:
The global symmetry group H is reduced to the Γ-centralizer: the subgroup H Γ ⊂ H which commutes with Γ. The particular cases of this construction are the quiver gauge theories, the theories in the presence of special surface operators, possibly intersecting, and the theories on the ALE spaces. The parameters of the partition function of the orbifolded theory are ( a, ε) ∈ LieT H Γ ⊗ C, where a is in the Cartan subalgebra of the centralizer of the image ρ CP (Γ) in (124), while ε is in the Cartan subalgebra of the centralizer of the image of ρ geom (Γ) in SU (4). In addition, the fugacity q of the original model fractionalizes: (126) q −→ q = (q ) ∈Γ 4.0.1. Choices of discrete groups. Since we want the action of Γ to admit the invariant complex two-planes supporting the strata (X A , G A ) of the generalized gauge theories, at least for one A ∈ 6, the choice of Γ is reduced to the following three possibilities:
(1) The abelian case:
represented in U (1) 3 ε ⊂ SU (4) with the help of the homomorphism ρ geom = diag(ρ a ) a∈4 :
where n κ a = 0, . . . , p l κ κ − 1, and
The Chan-Paton representation (124) amounts to the choice of multiplicities n A,ν :
where ν = (n κ ) κ ∈ Γ ∨ ab labels the irreducible (one-dimensional) representations of Γ ab . The centralizer H Γ is equal to
its maximal torus
with T n A,ν ⊂ U (n A,ν ) the maximal torus of diagonal matrices. Define (cf. (60)):
2) The abelian × ALE case:
represented in SU (4) with the help of the homomorphism
where ρ κ α = 0, . . . , p l κ κ − 1, and
with T 2 the defining two-dimensional representation of SU (2) Γ γ . The irreducible representations of the group Γ = Γ ab × Γ γ are the tensor products: 
where U (1) 2 γ ⊂ U (1) 3 ε consists of the diagonal matrices of the form:
Define (cf. (60), (133)), for Γ = Γ ab × Γ γ :
The ALE × ALE case:
The irreducible representations of Γ are the tensor products 
where U (1) γ ,γ ⊂ U (1) 3 ε consists of diagonal matrices of the form:
Define (cf. (60), (133), (142)
In what follows the expressions
, i.e. they are the formal linear combinations:
where L w are the characters of T H Γ , and R are the irreducible representations of Γ. Likewise, the "tangent space" character T A is promoted to
Orbifold partition functions.
The definition of the partition function in the orbifold situation is the following. The random variable is a string λ of objects, which now involve both Young diagrams and connected components of the Nakajima-Young varieties, specifically:
(1) In the abelian case the random variables are again the Young diagrams (partitions) λ (A,ν,α) ∈ Λ, now labeled by triples: :
(2) In the abelian × ALE case the random variables are the collections of of two types of objects: Young diagrams as before, and the connected components of Nakajima-Young varieties:
Finally, in the ALE × ALE case the random variables are the collections of connected components of Nakajima-Young varieties:
We first describe the case of abelian orbifolds, and then proceed with the somewhat more restricted case of the non-abelian orbifolds. In the latter case our formulas are less explicit.
Abelian orbifolds.
We define the statistical model, which is parametrized by the following generalization of the data of the section 2:
(1) The stringε = (ε a ) a∈4 of 4 complex numbers ε a , a ∈ 4 which sum up to zero, as in (59) (2) The string
We shall also use the notation ρ S with S ⊂ 4 for the sum:
so that ρ ∅ = ρ 4 = ρ 0 and
3) The stringn of 6 Γ ab -representations
with the multiplicity spaces
The data (ā;ε) parametrizes the Cartan subalgebra of the centralizer H Γ ab . Define, for A = (ab) ∈ 6, a, b ∈ 4, a < b:
Define, for S ⊂ 4: 
The statistical weight of λ is given by the following expression: 
where (A = ab):
where the projected double gamma
can be easily expressed in terms of the ordinary Γ 2 's, •
can be easily expressed in terms of the ordinary gamma-functions, •
The irreps of Γ are labelled by the pairs = (ν, i), ν ∈ Γ ∨ ab , i ∈ Vert γ . Fix the discrete data: the dimension vectors n = (n ) ∈Γ ∨ , w = (w ) ∈Γ ∨ , and the two characters ρ l , ρ r : Γ ab → U (1). The orbifold gauge origami in this case depends on the following continuous data:
(1) Two complex numbers ε 1 , ε 2 , and ε = ε 1 + ε 2 .
(2) Two sets of Coulomb parameters:
3) The string q = (q ) ∈Γ ∨ of |Γ| fugacities:
The geometric action Γ → SU (4) defines the following three representations:
2 34 = R 0 , the trivial representation. Write P 4 = P 12 P 34 , with:
Finally, define
e βb ,α R
• The random variables λ ab×ale in the Γ-orbifold gauge origami model were defined in (153). The statistical weight of λ ab×ale is an integral over the product of NakajimaYoung varieties:
Define:
-valued linear combinations of Chern characters of vector bundles over X λ ab×ale , as well as
2 . The measure (89) dressed with a partial perturbative contribution, the orbifold version of (175), is generalized to
where (cf. (57)): 
is the tangent space to the variety X λ ab×ale so its contribution is subtracted from the measure as the rest is being integrated
Of course, this formalism also applies to γ = A k . In this case the formulas (190), (188) reduce to the ε 3 = ε 4 limit of the abelian orbifold case of crossed instantons [Ne3] .
4.3. The ALE × ALE case. Fix Γ ab , and two quivers γ , γ of D or E type. In this section Γ = Γ ab ×Γ γ ×Γ γ , with its irreps = (ν,
The orbifold gauge origami in this case depends on the following continuous data:
(1) A complex number ε ∈ C.
(2) Two sets of Coulomb parameters (cf. (149)):
The geometric action Γ → SU (4) defines the following two representations:
• The random variables λ ale×ale in the Γ-orbifold gauge origami model were defined in (154). The statistical weight of λ ale×ale is given by the integral over the product of Nakajima-Young varieties (195)
and The measure (89) dressed with a partial perturbative contribution, the Γ-orbifold version of (175) 
Conclusions and outlook
The partition function of the gauge origami model, can be viewed as the expectation value in the N = 2 * U (n A ) theory on C 2 A of an operator. In the crossed case, N A N B = 0, A ∩ B = ∅, this operator is the qq-character of the A 0 -type [Ne2] . In the orbifolded crossed case this operator is the qq-character of the g γ -type. The orbifold partition functions in the abelian case describe the A-type quiver gauge theories on the A-type ALE spaces in the presence of various surface defects invariant under the rotational symmetries of the maximal Ω-deformation. In the abelian×ALE case these partition functions describe either the qq-characters of the D or E-type quiver gauge theories, possibly with the surface defects, or the A-type quiver gauge theory on the D or E-type ALE space, possibly with a novel type of surface defect (which collapses to a point-like defect in the orbifold limit of the ALE space), and a qq-character. Finally, in the ALE×ALE case we are dealing with the D or E-type quiver gauge theories, on the D or E-type ALE space, with the qq-characters and novel surface defects.
The physics of these defects will be discussed in the companion paper [Ne7] . The regularity of these expectation values will be used in the forthcoming publications [Ne8, SX] to derive the KZ and BPZ equations [BPZ, KZ] on the partition functions of supersymmetric gauge theories with and without surface operators.
